Abstract: This paper presents the fuzzy design of sliding mode control (SMC) for nonlinear systems with uncertainties, which can be represented by a Takagi-Sugeno (T-S) model. There exist the parameter uncertainties in both state and input matrices, as well as the matched external disturbance. The key feature of this work is the great ability of the controller to deal with systems without assuming that the control matrices of each local T-S model to be same and knowing the priori information of the upper norm-bounds of uncertainties. A sufficient condition for the existence of the desired fuzzy SMC is obtained by solving a set of linear matrix inequalities (LMIs). The reachability of the specified sliding surface is proven. A numerical example is illustrated in order to show the validity of the proposed scheme.
Introduction
It has been shown that Takagi Sugeno (T-S) fuzzy model is a powerful and efficient tool to handle complex nonlinear system, and be employed in most model-based fuzzy analysis approaches [1, 2] . Since the Parallel Distributed compensation (PDC) approach is formulated by Tanaka and Wang [3] , the stability analysis and stabilized controller design for T-S fuzzy systems become achievable and have been applied in a wide range of areas such as electrical/mechanical systems [4, 5] , process control [6] , robot [7] and time-delayed systems [8] . A lot of research outcomes on this field have been appeared in literatures. Practically, a real nonlinear system may contain various kinds of uncertainties such as parameter variations, modeling errors and external disturbances, etc. In this case, the PDC-based controllers [3] may perform well no longer. Then, the robustly stabilized control to uncertainties of nonlinear fuzzy systems is required. Based on the T-S fuzzy model, Wu studied the robust H 2 fuzzy observer-based control problem for discrete-time nonlinear systems with parametric uncertainties [9] . Lin, et.al, investigated the mixed H 2 /H ∞ controller for uncertain T-S fuzzy systems with discrete time-varying delay [10] .
It's well known that the sliding mode control (SMC) is an effective means to design robust controllers for nonlinear systems with uncertainties bounded by known scalar-valued functions.
enter into the pre-designed sliding-mode motion within finite time and after that keep staying on it; thus, the system dynamics is not sensitive to parameter variations and external disturbances any more [9, 13] . Basically, the feedback gains of the SMC control are often determined by the feasible solution of a set of Linear Matrix Inequalities (LMI). Choi presented a robust stabilization of uncertain fuzzy systems using SMC system approach [14] . Zhang and Wang proposed a mixed SMC-H ∞ controller for time-delay system with unmatched uncertainties [15] .
Although many researchers have proposed a variety of T-S fuzzy SMC-based methods [4, [7] [8] [9] [10] 14] , by far there still two problems yet remained to be well-solved: (1) the suitable relaxation on the assumption that all the control matrices of the nominal sub-systems' models are identical; It is practically difficult to satisfy this assumption. In practice, this assumption is very strict and insufficient to model various uncertainties/nonlinearities in most of actual systems such as nonlinear stirred tank reactor, fourth-order cart-pole system, and active queue management in TCP networks and two-link robot manipulator; (2) the reasonable assumption that the system uncertainties/perturbations are unknown but norm-bounded. For the SMC-based methods, if uncertainties are known, it's easy to choose proper switching gains, which are bigger than the upper norm-bounds of uncertainties, to ensure the reachability of sliding-mode motion. Unfortunately, the information of the upper bound of uncertainties/perturbations may not easily be obtained in practice. Therefore, it's supposed to adopt parameter identification or adaptive control approach to estimate the bounds of uncertainties on-line [16] .
Motivated by the above discussion, it is meaningful to design fuzzy variable structure controller in this paper such that the closed-loop system is asymptotically stable without (1) assuming the control matrices of each local linear model to be same; and (2) knowing the priori information of the upper norm-bounds of uncertainties. The existence condition of linear sliding surfaces and the asymptotical stability of the reduced-order equivalent sliding-mode dynamics are firstly derived by the LMI optimization technique. After the establishment of the local T-S model, the upper norm-bounds of uncertainties and modeling errors between the original and local systems are estimated. Then, the designed SMC controller composes of a state-feedback control term and an adaptive switching-feedback control term, which are achieved based on the Lyapunov function method. As a result, the aforementioned problems are well solved in the proposed scheme. Finally, a numerical example is illustrated in order to show the effectiveness of the proposed methods.
Problem formulation and preliminaries
As stated in Introduction, T-S fuzzy models can provide an effective representation of complex nonlinear systems in terms of fuzzy sets and fuzzy reasoning applied to a set of linear input output sub-models. Hence, in this work, a class of nonlinear systems is represented by a T-S model. As in [3] , the T-S fuzzy system with uncertainties is described by fuzzy IF THEN rules, which locally represent linear input-output relations of nonlinear systems.
The i-th rule of the fuzzy model is formulated in the following equation:
where M i j is the fuzzy set,
T is the premise variable vector, r is the number of rules of this T-S fuzzy model. x(t) ∈ R n is the state vector, u(t) ∈ R m is the control input vector. A i ,B i are known real constant matrices with appropriate dimensions. The overall fuzzy model achieved by fuzzy blending of each plant rule is represented as follows:
where
According to the theory of fuzzy sets, we have M i j (z(t)) ≥ 0. Therefore, it implies that h i (z(t)) ≥ 0 and ∑ r i=1 h i (z(t)) = 1. In practical applications, the system (2) usually exists the parameters variation and the external disturbances. After considering the perturbation, the global fuzzy model of system (2) can be rewritten aṡ
where ∆A i , ∆B i are unknown time-varying matrices representing parameter uncertainties, and
In this work, the control matrices doesn't satisfy B 1 = B 2 = ... = B r and we define the weighted nominal matrix as
Moreover, it is required that B is a nonzero matrix with full-column (or full-row) rank. The uncertain matrices are assumed to be matched, i.e. there exist certain functions D(t), E(t) and
As a result, the system (3) can be rewritten aṡ
where the time-varying function g(t, x, u) = D(t)x(t) + E(t)u(t) + F (t), then g(t, x, u) contains all the perturbation in system (3). Before proceeding, some assumptions and lemmas are given as following, which are useful for the development of our result.
(Assumption.1) The time-varying uncertainties g(t, x, u) is assumed to be norm-bounded, that is, ∥g∥ ≤ 
(Lemma.2 Schur's Complement [3] ): Given the matrix inequality
< 0, where S 11 and S 22 are invertible symmetrical matrices, it's equal to each of the following inequalities:
Controller design
The objective of this work is to design an SMC law such that the desired control performance for the resulting closed-loop system is obtained despite of parameter uncertainties and unmatched external disturbance. In this section, an SMC law is synthesized such that the closed-loop systems are robustly asymptotically stable. It is also proven that the reachability of the specified switching (sliding) surface S(t) = 0 can be ensured by the proposed SMC law. Thus, it is concluded that the synthesized SMC law can guarantee the state trajectories of uncertain system (4) to be driven onto the sliding surface, and asymptotically tend to zero along the specified sliding surface.
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Design of the sliding function and stability analysis of the sliding motion
Essentially, a VSC design is composed of two phases: hyper-plane design and controller design [9] . There are various methods for designing hyper-plane, however in this paper the switching surface is defined as
where C ∈ R m×n is the designed coefficient. According to the previous works [2] , for the system (2), there are two prerequisites to find the switching surface (5) that is (P-1): The matrix CB is invertible for any
The reduced sliding-mode motion of the system dynamics restricted on the switching surface is asymptotically stable to all admissible uncertainties.
In this part, we analyze the dynamic performance of the system described by (4), and derives some sufficient conditions for the asymptotically stability of the sliding dynamics via LMI method. The following theorem shows that system (4) with the switching surface as in (5) is asymptotically stable. (6) hold for ∀i, j, k ∈ 1, ..., r, the proper sliding-mode coefficient C exists and C = (
Theorem 1. Consider the fuzzy uncertain systems (4) with Assumptions (1). The switching function is given by (5). If there is feasible solution Q such that the LMIs shown in
where the invertible matrix Q ∈ R n×n is decisive variable.
Proof: First, the existence of the coefficient C is proved. Since Q is designed to be invertible, the inequalities B T B ̸ = 0 and B T Q −1 B ̸ = 0 hold; thus, its easy to prove that the achieved matrix CB is invertible and
. That is to say, if the coefficient is chosen as C = (B T Q −1 B)B T , both the sliding surface and the equivalent control exist. With the chosen sliding surface, once the n-order system enters the m-order sliding surface S = Cx(t), the system dynamic of (4) is equivalent to the (n−m)-order sliding motion, and the system states will asymptotically converge to zero with proper switching gains. In the following, we will derive the equivalent control and the sliding mode as well as the stability analysis. Now, the linear transformation T is carried on the states to separate the m-th sliding-mode states and the reduced (n − m)-order states
where T 1 ∈ R (n−m)×n , T 2 ∈ R m×n and K ∈ R n×(n−m is an orthonormal basis for the null space of B T such that B T K = 0 and K T K = I satisfy. We have
In ( 
In (9), it's not difficult to verify that T 1 B = (KQ −1 K)K T B = 0 and T 2 B = CB. According to the sliding mode theory, letṠ = S =ż 2 = 0, we havė
From (16), the following equivalent control can be derived
Substitute u eq (t) in (11) into (10), the reduced-order sliding motion in the switching surface can be obtained asż
To analyze the stability of the sliding-mode dynamics (8), we consider the fuzzy uncertain system (4) with LMIs in (6) and choose the Lyapunov functional candidate V 1 = z T 1 P z 1 , where P = K T QK is a positive matrix.
By differentiating the function V 1 , we obtain the differential along the trajectories aṡ
where the defined new state vector w(t) = Kz 1 ∈ R n×1 . By now, the stability of the states x(t) in the switching surface is equivalent to the stability of the news states w(t). Noticing that B(CB) −1 C = B(B T B) −1 B T , it is easy to haveV 1 < 0 if the following inequality holds
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According to Lemma 2, let X = QB(B T B) −1 B T , Z = A i and Y = I > 0, the inequality in (21) implies that
According to the inequalities (14), (15), we have
By using Schur's complement formula and noticing that B T B ≥ 0, we can rewrite the above inequality as
From (17) and noticing the definition of the matrix B and
and this leads to for ∀i, j, k ∈ 1, ..., r
This means that the sliding surface (5) and the equivalent control (11) for the fuzzy system (4) with Assumption 1 exist and the sliding motion is asymptotically stable. 
Design of controller and adaptive laws
As the last step of design procedure, we will further design the VSC controller ensures the reachability of the specified switching surface. The adaptive VSC controller is represented in a set of fuzzy rules as following
CA i x(t)+∥N (t)∥∥ḣ α ∥∥x(t)∥sgn(S)+∥CB∥(ρ 0 +ρ 1 ∥x(t)∥)sgn(S)+εsgn(S) ]
(20) The global fuzzy VSC and the adaptation laws are designed as
with the following adaptive laws 142
where the adaptation rates γ i > 0, the constant ε > 0, and the functions N (t), h α will be defined in the following theorem, which gives the stability analysis when the controller (30) is enforced on the system (4) and the reachability of the specified sliding surface S(t) = 0 can be obtained.
Theorem 2. For the uncertain fuzzy systems (4) with the switching function (5), Q is the feasible solution of LMIs (6). Then it can be shown that the state trajectories of the system (4) will be driven onto the switching surface S(t) = 0 and asymptotically converge to zero by the adaptive SMC law in (20),(21) and (22).
Proof: For purpose of design integrity, a simple stability analysis based on Lyapunov direct method is carried out. Define the Lyapunov function candidate
where the estimation errorρ k =ρ k − ρ k . By differentiating the switching surface S(t), we havė
S(t) = C(t)ẋ(t) +Ċ(t)x(t)
In (24), by following from Lemma 1 we havė
Then, it follows from (4) that we havė
S(t)S(t) = C(t)ẋ(t)C(t)x(t)
By substituting the controller (21) into (26), we have
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By differentiating the function V 2 and substituting the adaptive laws (22) into (27), the simplified expression of (27) can be obtained aṡ
Noticing that ϵ > 0, thus the derivativeV 2 (t) < 0 when S(t) ̸ = 0, which implies that under the controller (21) and (22) the reachability of the specified switching surface is guaranteed, and the trajectories of the fuzzy uncertain system (3) are globally driven onto the specified switching surface S(t) ̸ = 0. Moreover, it is seen that the estimation errorρ k will converge to zero. 2
Numerical Simulation
To show the effectiveness of the proposed controller design techniques, the inverted pendulum with parametric uncertainties, which is taken from Wu and Juang [16] , is formulated for simulation. The control objective is to drive its state trajectories to the origin. The equations of motion for the inverted pendulum device are
where x 1 denotes the angle (rad) of the pendulum from the vertical,x 2 is the angular velocity (rad/s), x 3 is the displacement (m) of the cart, and x 4 is the velocity of the cart.g = 9.8m/s 2 is the gravity constant, m is the mass (kg) of the pendulum, M is the mass (kg) of the cart, f 0 is the friction factor (N/m/s) of the cart, f 1 is the friction factor (N/rad/s) of the pendulum, l is the length (m) from the center of the mass of the pendulum to the shaft axis,J is the moment of inertia (kg.m2) of the pendulum round its center of mass, and u(t) is the force (N) applied to the cart. The model parameters are given as:
where ρ i is unknown parameter. The fuzzy model of system is described as the following two rules: 
(t).
We choose the adaptation parameters γ 0 = 0.001, γ 1 = 0.1.Via LMI optimization with (19), we obtain the feasible solutions and the switching suafrace.
The simulation results are given in Figures 1-2 . It is seen that the reachability of the sliding motion can be guaranteed. The system enters sliding-mode motion after about t=0.8 second. From Figure 1 , one can see that the system states converge to zero fast, furthermore, the simulation results also show that our present design effectively attenuates the effect of both parameter uncertainties and external disturbances. In Figure 2 , the control effort is shown and approaches to be stable after a short-term adjustment in the initial stage. 
Conclusions and Future Works
This paper has generalized the T-S fuzzy model to represent a class of nonlinear systems which includes parameter uncertainties or external disturbances. A novel adaptive VSC control scheme has been proposed for the uncertain model, which relaxes the restrictive assumption that the input matrices of the local sub-models are identical and needs no information of uncertainties. The overall fuzzy VSC controller of the system is achieved by fuzzy blending of the local VSC controller. The existence condition of linear sliding surfaces guaranteeing asymptotic stability of the equivalent dynamics is derived as well as the stability analysis. Finally, a numerical design example is illustrated in order to show the effectiveness of our scheme.
